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1. Introduction
The numeric simulation is characterized by a
multidisciplinary process where intervene physical
modeling, mathematical analysis and numeric
resolution on computer. The interaction between
these different stages is necessary to succeed any
study in this field. The goal of the physical modeling
is to get a set of equations which describes the
intervening physical phenomena adequately. It often
calls to several other disciplines as fluids and solid
mechanics, electromagnetism, quantum mechanics,
etc [15].
Several models are described by a system of partial
derivatives equations (SPDE). Then, we ask some
questions: can we prove, in an adequate theoretical
setting, the existence and the singleness of the
solution as well as its stability in relation to the data
(limits conditions, initial conditions, and parameters
of a model...)? When the answer to these questions is
affirmative, we speak then about a very
straightforward problem. But, if we do not have an
analytic solution, the only way is to consider an
approached resolution of the model equations system

by a numeric method. Another point to underline is
the regularity of the solutions of the model. Indeed, a
numeric method can be adapted to the approximation
of regular solutions, but it can be unsuitable in case of
singularities [2].
The last step is the implementation of the numeric
method; it is inescapable, because we rarely have the
analytic solutions. The quality of the numeric method
is defined, on one hand, according to the
mathematical criteria’s (stability, evaluation of error)
and, on the other hand, according to its convenient
performances (precision and cost). In general,
according to the needs, we define a compromise
between these two criterias [2].
Computing and numeric simulation intervene in
various industrial applications such as in
aerodynamics and hydrodynamics domains where we
are interested in the correction of the phenomena
turbulences while studying the perfect fluid flow [10,
11]. One of the big projects, that treat the threedimensional geometric reconstitution of the blood
vessels from the medical imagery, is the CALVI
project, adopted by the INRIA laboratory [20]. A big
part of this project consists of the simulation of the
blood flow in the veins. The resolution of this type of
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problems requires a big power of calculation as well
as an important physical memory capacity, what
shows the big interest of the resort to the parallelism.
In this setting, we are interested to the numeric
simulation of the Stokes problem that consists on
approaching the velocity and the pressure of fluid
flow on a plate. The objective is to develop a parallel
application based on mortar spectral element method
after having developed a sequential application and
studied different strategies of parallelization.
We start this paper by a brief illustration of the
mathematical modeling of the physical problem.
Then, in section 3, we describe the different steps of
numeric simulation to converge toward a linear
representation of the fluid flow. In section 4, we
explain the tensorization approach, which is one of
the most important distinctions between our work and
any other one. Thereafter, in section 5, we illustrate
parallel algorithm of different versions of resolution,
on one domain and on sub-domains. In section 6, we
present some numerical results to emphasize
parallelism approach role. Finally, we end this paper
by a conclusion and some perspectives that seem to
be interesting.

2. The Continuous problem
The flow of an incompressible viscous fluid in a
domain Ω of ℝ 2 is characterized by two variables:
its velocity u and its pressure p . It is depicted by two
following equations:
The equation of the conservation of the quantity of
movement
−ν ∆u + grad p = f in Ω

The equation of incompressible that translates the
conservation of mass
div u = 0 in Ω

Here ν , is a positive parameter, called mechanical
viscosity, and the function f corresponds to the forces
applied to the fluid. In general, we add to this system
a limits condition of type Dirichlet, translating the
fact that the fluid does not slip on the border of the
domain:
u = 0 in ∂Ω
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about the spaces H 01 (Ω)2 for the speed and L20 (Ω) for
the pressure, with:





∀ v ∈H01(Ω)2 :





ν∫ ∇u (x) ∇v (x) dx − ∫ divv (x) p (x) dx = ∫ f (x) v (x)dx (S2)


Ω
Ω
Ω


2

∀q ∈L0(Ω) : ∫ divu (x) q (x) dx =0



Ω



We demonstrate mathematically that the problem (S2)
admits a unique solution. We are interested then to
approaching this solution numerically by the spectral
method.

3. The Discrete problem and algorithm
of resolution
3.1. The Discrete problem
To discretise our problem, we use spectral method.
This method, introduced by D. Gottlieb and S. Orszag
[12, 17], is a technique to approximate the solutions
for partial differential equations with a high-degree
polynomial. In this sense, the precision of these
methods is only limited by the regularity of the
function to approach, contrarily to the other types of
approximation as the finite-difference or the finiteelement. The calculation of an approached solution
essentially rests on the variational formulation of the
continuous problem; the discretisation takes place by
replacing the space of the functions tests by a space
of polynomials and by evaluating the integrals using
formulas of appropriated quadrature.
The spectral methods knew these last years a big
development in the academic setting. They also begin
to interest the industrial surroundings, essentially in
the domains of aeronautics, of the meteorology, of
the mechanics of non linear solid. A big part of their
success comes of their elevated precision that, thanks
to the huge development of the computer means,
proves to be a more and more important asset in the
numeric simulation [3] (see figure1).

N

∂Ω designates the border of the domain.

Thus, the problem gotten, known as the Stokes
problem, is presented by the following system:


− ν ∆u + ∇p = f




 div u = 0



u=0




in Ω
in Ω

(S1)

on ∂Ω

To pass to the variational formulation, we intervene
different spaces for the velocity and the pressure. It is

Figure 1. Spectral method
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We note that the grid of Gauss-Legendre is defined
by: Ξ = {(ξi , ξj ), 0 ≤ i, j ≤ N } , in the domain
−1,1 × −1,1 with N is the discretization parameter.

 

We set ξ0 = −1 and ξn = 1 . We remind that there
exists N-1 nodes ξj , 1 ≤ j ≤ N − 1 , in −1,1 , with


ξ0 < ξ1 < ..... < ξN and N+1 positive weights

Notice that U Nk (x , y ) (respectively PN (x , y ) ) converge
toward the exact velocity U (respectively the exact
pressure P ) when N tends toward + ∞.
The discrete problem is:


aN (U N1 , ℓ r ℓ s ) + b1N (ℓ r ℓ s , PN ) = (f1, ℓ r ℓ s )N



2

aN (U N , ℓ r ℓ s ) + b2N (ℓ r ℓ s , PN ) = (f2 , ℓ r ℓ s )N


1
2

b (U , ℏ ℏ ) + b2N (U N , ℏ r ℏ s ) = 0

 1N N r s

ρj ,

0 ≤ j ≤ N , such that:
N

∀φ ∈ Ρ 2 N −1 ( −1,1) , ∫ φ (ζ ) d ζ = ∑ φ (ξ j ) ρ j
1

−1

With
aN (U Nk , ℓ r ℓ s ) = (∇U Nk , ℓ r ℓ s )N

j =0

Moreover the following property holds:
∀ϕ ∈ Ρ N (−1,1),

ϕ

N

2
L2 ( −1,1)

≤ ∑ ϕ 2 (ξ j ) ρ j ≤ 3 ϕ
j =0

bkN (U Nk , ℏ r ℏ s ) = (divU Nk , ℏ r ℏ s )N

2

3.2. Algorithm of resolution

L2 ( −1,1)

This leads to define discrete product: For any
continuous functions u and v on Ω
N

When the integer r and s vary in the interval [1..N − 1] ,
we get the following matrix system [18]:


AU 1 + B1T P = F1



T

AU 2 + B2 P = F2



B U + B2U 2 = 0


 1 1

N

(u ,v )N = ∑∑u (ξi , ξ j )v (ξi , ξ j ) ρi ρ j
i =0 j = 0

We start with defining some formulas and notations
concerning the choice of basis functions and tests
functions, what allows us to lead to the matrix system.
We define the interpolation polynomial of Lagrange
ℓ i as follows:
N

∏

j = 0, j ≠i
N

ℓ i (x ) =

∏

(S3)

(x − x j )

(S4)

We notice that the size of the matrixes A, B1 and B2 is
(N − 1) .
2

We

intend

to

calculate

the

general

term,

aN (ℓ i ℓ j , ℓ r ℓ s ) of the matrix A, according to [3], we

have:
i = 0…N

(x i − x j )

aN (ℓ i ℓ j , ℓ r ℓ s ) = αir ω j δjs + α js ωi δir

j = 0, j ≠i

With

We define ℏ i the following polynomial
ℓ i (x )
i=0..N
1− x2
Notice that the family ℓ i ℓ j , for 1 ≤ i, j ≤ N − 1 , forms
ℏ i (x ) =

a ΡN0 (Ω) base. In the same way, the family ℏ i ℏ j


4


2


 N (N + 1)LN (ξi ) LN (ξr )(ξi − ξr )
αir = 

2


2
2

3
1
−
ξ

i ) LN (ξi )

 (

si i ≠ r
si i = r

forms a PN −2 (Ω) base. The unknowns U N = (U 1N ,U N2 )
for the vector velocity are its values in (PN0 (Ω)) , so
we use the following decomposition:
2

N −1 N −1

U (x , y ) = ∑ ∑U ℓ i (x )ℓ j (y )
k
N

k
ij

The matrix B1 is in the space Μ(N −1) (ℜ) , whose
2

general term is noted by:

k = 1,2

i =1 j =1

Since the pressure is in PN −2 (Ω) , we decompose it in
the ℏ i ℏ j base. The unknowns will be therefore the
following quantities:

If r ≠ i:
b1 (ℓ i ℓ j , ℏ r ℏ s ) =−

Pij = PN (ξi , ξ j ) (1 − ξi 2 ) (1 − ξj 2 )

Hence, we have the following decomposition:
PN (x , y ) =

N −1 N −1

∑∑P

N

i =1 j =1

(ξi , ξ j ) ℏ i (x ) ℏ j (y )

+


δjs ω j
ω0
1


2
2 (1 − ξ j ) LN (ξi )  LN (ξr )(ξ0 − ξi )(ξ0 − ξr )
2 LN (ξr ) ωr
(ξr − ξi )(1 − ξr2 )

−


ωN

(ξN − ξi )(ξN − ξr ) LN (ξr ) 
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If r = i:
b1 (ℓ i ℓ j , ℏ r ℏ s ) =−

δjs ω j
1
2 (1 − ξj2 ) LN (ξi ) LN (ξr )



ω0
ωN


−


(ξ0 − ξi )(ξ0 − ξr ) (ξN − ξi )(ξN − ξr ) 

To determine the general term of the matrix B2, we
remark that we have the following equality:
N −1 N −1

b1 (ℓ i ℓ j , ℏ r ℏ s ) = −∑ ∑ ℓ i (ξm ) ℓ ′j (ξn ) ℏ r (ξm ) ℏ s (ξn ) ωm ωn
m =1 n =1

= b2 (ℓ j ℓ i , ℏ s ℏ r )

= b2 (ℓ j ℓ i , ℓ s ℓ r )

Based on the above, we can represent the matrix
system (S4) under the following reduced shape [18]:
T
ɶ


 AU + B P = F


BU = 0




(S5)

With:

(

0
 , B = B
 1
A


)

of U is n, the algorithm executes a maximum of n
iterations.
It suits to specify that the CGA is an algorithm of
optimization that we apply to the problem min Φ (U)
x ∈ℜ

Φ (U )
is a
1 T
Φ (U ) = U A U − b T U .
2

where

quadratic

shape

and

The algorithm can be written as follows:
Either anyU 0
R0 = b − AU 0
Q0 = R0

Notice that the elements of the matrixes B1 and B2
have been determined from precise expressions which
are complex to be resolved on only one domain. On
the other hand, to pass to a resolution on two subdomains, it was necessary to simplify these
expressions but reducing the precision as follows:
b1 (ℓ i ℓ j , ℓ r ℓ s ) = − ℓ ′i (ξr ) w j wr

A
ɶ=
A
0
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(

B2 


U = U 1 , U 2 , F = F1 , F2

)

To solve the Stokes problem numerically, we use the
algorithm of Uzawa. Indeed, this algorithm is
particularly well adapted to this kind of problems
since it takes their features into account [1].
This method is iterative. It is based on conjugate
gradient algorithm. Therefore, it is useful to remain
this one before presenting the Uzawa method.
Conjugate gradient algorithm (CGA)
Among the iterative methods, the most effective in
the case of the spectral methods, is the conjugate
gradient [6, 9]. The principle of this method is to
construct a sequence (U 0 ,U 1,...) of vectors that
converges toward the exact solution U of the system
A U = b , where A is a positive definite symmetric
matrix.
The advantage of this method is that we know in
advance the number of iterations necessary to
converge toward the exact solution. Indeed, if the size

For k = 1, 2,.....until verification of stop criteria

(

αk = RkT Rk Qk , AQk

)

U k +1 = U K + αk Qk
Rk +1 = Rk − αk AQk
βk = RkT+1Rk +1 RkT Rk
Qk +1 = Rk +1 + βkQk

Algorithm of Uzawa
This algorithm eliminates the velocity from the first
line of the system (S5), what gives:
ɶ−1 (F − BT P )


U =A



ɶ−1 (F − BT P ) = 0
B A




(S6)

Therefore, we are brought to solve the two uncoupled
systems successively:
ɶ−1BT P = B A
ɶ−1F
BA
AU = F − BP

The Uzawa method consists on solving this couple of
systems by the conjugate gradient method since the
matrix B Aɶ−1BT is symmetric defined positive.
Indeed, this method requires much less memory and
CPU time since, on the one hand, we do not save the
two matrixes A and B and ,on the other hand, the
resolution is done with coupled way on the velocity
and the pressure; what minimizes the number of
iterations.
The algorithm can be written as follows:
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P0 = 0



ɶ
QT AQU
+ Q T B T P = QT F








BQU = 0



ɶ−1F
U0 = A
R0 = BU 0
D0 = R0
For k = 1,2,.....until verification of stop criteria
ɶ−1 BT D
Zk = A
k
αk = RkT Rk

(D , B Z )
k

k

Pk +1 = Pk + αk Dk
Rk +1 = Rk − αk B Z k
U k +1 = U k − αk Z k
βk +1 = RkT+1Rk +1 RkT Rk
Dk +1 = Rk +1 + βk +1 Dk

We notice that the equation U 0 = Aɶ−1F requires the
inverse of A. However, a straightforward
transformation brings us back to the resolution of a
linear system what is less expensive: X = A−1 F is
put as AX = F that we solve by the conjugate
gradient method.
Numeric resolution by the mortar spectral element
method
The mortar spectral element method, introduced in
1987 by C. Bernardi, Y. Maday and A.T Patera [5, 4],
is a domain decomposition technique based on a
partition of the domain calculation in sub-domains
without recovery. It permits to use completely
independent discretization on every sub-domain,
thanks to splice condition on the interfaces (see figure
2).
N1

N2

(S7)

4. Tensorization
There are two main classes of numerical methods; the
direct methods and the iterative methods. Each of
them presents some advantages and disadvantages.
However, the big difference between them consists of
the fact that a direct method consumes a more
memory, whereas an iterative method requires a big
number of iterations to converge toward the exact
solution.
Concerning our work, we tried to reduce the number
of iterations as well as the necessary memory. Thus,
the method that seems good is the tensorized iterative
method.

4.1. Tensorization principle
Besides, the storage of the complete matrix is very
expensive in memory. Therefore, it can be done only
for small values of N. Although the matrixes
generated by the spectral decomposition method
present several zeros, the storage stays expensive
since, contrarily to finite element decomposition
methods, these elements do not respect a structure
which enables their localization.
The iterative methods permit to converge toward the
solution of the system by successive approximations
and reduce the number of operations considerably;
the principle is to construct a sequence of vectors
U n that converges toward the exact solution U .
Indeed, in each iteration k , the longest part of the
calculation consists of valuing the residual
Rk = F − AU k and multiply the matrix A by a vector.
Several advantages result from it. Thus, the matrixvector multiplication can be calculated easily from
the two following formulas:
aN (ℓ i ℓ j , ℓ r ℓ s ) = αir ω j δjs + α js ωi δir

With:
Joint side

Figure 2. Mortar spectral element method

The splice condition for the level of the joined side
has appeared a splice matrix Q which translates the
transmission condition to the interfaces of the subdomains. Thus, we get the linear system (S7)
representative of the global problem [8]:


4


2 si i ≠ r


N
(
N
+
1)
L
ξ
(
)
N
i LN (ξr )(ξi − ξr )

αir = 

2

si i = r

2
2



 3 (1 − ξi ) LN (ξi )

In addition, the tensorization properties appear in
these formulas permitting to calculate a matrix-vector
multiplication with very low cost ( O (N )3 for the
multiplication of the matrix A (of size (N − 1)2 ) by a
vector V of size (N − 1)2 . Indeed, for each (N − 1)2 of
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the couples (i, j ) , 1 ≤ i, j ≤ N − 1 , we must calculate
the quantity:
N −1 N −1

∑ ∑ a (ℓ ℓ , ℓ ℓ )V
N

i

j

r

s

rs

r =1 s =1

According to the first formula, this is equal to:
N −1

N −1

r =1

s =1

∑ αir ρjVrj + ∑ αjs ρiVis
The calculation of both terms of the previous line
requires 2 (N − 1) multiplications and N − 2
additions. Therefore, the calculation of each
coefficient of the vector, which is the result of the
matrix-vector
product,
requires
4 (N − 1)
multiplications and 2 N − 3 additions, i.e. O( n ), so
3

O( n ) in all.

5. Sequential algorithms
We observe that the matrix A does not need to be
collected completely. Only the (N − 1)2 coefficients
αir must be kept in memory, this number is lower
than the total number of the coefficients of A (i.e.
4
(N − 1) ).
This technique allowed us to find a compromise
between the necessary number of operations and the
consumed space memory. Indeed, for the calculation
of the coefficients of the matrixes (A, B1, B2, B1T,
B2T) and of the matrix-vector product, instead of
stocking all matrixes (of size (N − 1)2 ), we stock only
two matrixes Alfa and Beta with size is (N − 1) . It
allows us, therefore, to gain space memory and to
reduce the calculation cost.
To emphasize this idea, two versions will be exposed
in the rest of this paper, the first is an iterative version
and the second is based on the tensorization principle.

5.1. Resolution without domain decomposition
We conceived and implemented, on the parallel
machine IBM SP2 [13, 14], two versions of
algorithms to solve Stokes problem on only one
domain. The first is iterative without storage whereas
the second, which presents an improvement of the
first, uses the technique of tensorization. We start by
presenting the first version, and then we focus on the
improvement brought by the second one.
Non tensorized iterative version
The diagram of figure 6 illustrates the stages of the
numeric resolution of the equation system (S1)
presented in the section 2. Thus, the main task
consists in four steps. The first is choosing the
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discretization parameter, as well as the domain of
resolution to simulate the plate on which the fluid is
flowing. The second consists on making a mesh of
the domain using the spectral discretization. The third
is the basis step of the resolution algorithm, it calls
Uzawa procedure. The last step consists on
calculating the exact solution in order to test the
accuracy and the precision of results provided by our
program.
Tensorized iterative version
We notice that in the Uzawa and conjugated gradient
procedures, there is a lot of matrix-vector product.
Since there is no storage of matrixes’ elements in the
iterative version, there will be a big redundancy in
calculating these elements while multiplying a matrix
by a vector. It is clear that storing five matrixes of
2
2
(N − 1) × (N − 1) elements does not solve the
problem.
As we have already mentioned, the tensorization
technique permits solving this problem by storing two
matrixes noted Alfa and Beta sized (N − 1) .
Therefore, it is necessary to bring a little modification
in the first diagram (see figure 3) in order to
concretize this improvement (see figure 4).
Get the decomposition step
Get the domain

Discretize the domain

Resolution using the Uzawa method

Calculate the exact solution

Figure 3. Main stages of the non
tensorized iterative version
Choice of the decomposition step
Choice of the domain

Discretize the domain

Storage of the matrixes Alfa & Beta

Resolution using the Uzawa method

Calculate the exact solution

Figure 4. Main stages of the tensorized
iterative version
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5.2. Resolution on two sub-domains
As well as the resolution on one domain, for the
resolution on two domains, two versions have been
conceived and implemented on the SP2 IBM machine;
one is iterative without storage and the other is
iterative tensorized. To avoid burdening the article,
we are not going to detail these two stages again. We
will be limited to specifying differences brought by
the transition on two domains.
Indeed, as we have already mentioned, the transition
to two domains gave the mortar matrix which
guarantees the data transfer between the two subdomains. Therefore, we add a new stage in order to
calculate the mortar matrix as well as its transposed
matrix (see figure 5).
Get the decomposition step
Get the domain

Discretize the domain

Calculate the mortar matrix
Calculate the transposed of the mortar matrix

Resolution using the Uzawa method

Calculate the exact solution

Figure 5. Main stages of the resolution on 2
domains

6. Parallelization approaches
The strategy adopted for the parallelization of
sequential algorithms, called data parallelism,
consists on distributing the calculation of unknowns
on the different available processors (see figure 6). In
this section, we are going to present a first
parallelization of the resolution without domain
decomposition, followed by a second parallelization
for the resolution on two sub-domains.

6.1. Parallelization of the resolution without
domain decomposition
In the section 5, we presented two sequential
algorithms for the resolution on only one domain: the
iterative version without storage and the tensorized
iterative version. Since the main difference between
these two versions appears in the addition of the two
matrixes Alfa and Beta, the parallelizations of these
two algorithms are nearly identical. Particularly, the
parallelization of Uzawa algorithm is the same for the
two versions.
Parallelization of Uzawa method
This stage is the most expensive while speaking
about calculation time; it represents the basic section
in the resolution algorithm. Let's notice that among
the most frequent core in the algorithm, we find the
matrix-vector product, the scalar product and the sum
of two vectors. Thus, we had to parallelize these
cores and minimize the communication between
processors.
For the matrix-vector product, each processor
calculates the result of multiplication between a
vector and a lines’ block known by its identity.
Concerning the scalar product and the sum of two
vectors, we used the global reductions operations
MPI_Allreduces presented in the MPI library [21].
Parallelization of the tensorized iterative version
We keep the same principle of parallelization already
presented for the first version. The only modification
brought by this version, is the addition of a
parallelization of the calculation of Alfa and Beta
elements since the different processors are still free.
Let's specify that this parallelization is simpler than
the one achieved for the resolution on two domains
with joints. Indeed, the last one presents a high
parallelism rate and requires an efficient
communication process.

6.2. Parallelization of the resolution on two
domains
We can allocate a set of processors to each subdomain (see figure 7). Thus, we get two simultaneous
local resolutions. We note that the two resolutions are
not completely independent and require some
intermediate calculations to finish the resolution and
to lead to the final result.
So, we need
communication to exchange this information.

0

1

2

3

Figure 6. Distribution of data on 4 processors
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N1

P0, P1
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We present in this section, the different experimental
results gotten after applying several tests on programs
of resolution of Stokes problem. Let's note that all
measures presented in this section are given by the
average of five tests on the parallel machine IBM SP2
at least. The implementation was done with C
language and MPI library for communication.

N2

P2, P3

Figure 7. Resolution with four processors

Parallelization of calculation of the mortar matrix
Before continuing the resolution, there is a stage of
calculation of the mortar matrix which guarantees the
exchange of information between the two subdomains. Since processors are still free, we can
parallelize this step of computing by allocating to
each processor one matrix block in accordance with
its rank. At the end of this task, a general collection
using the primitive MPI_Allgather is necessary to
collect the matrix blocks on different processors.
Creation of communicators
In order to optimize the communication process, it
was necessary to study the problem and to take
account of its features. Indeed, the resolution on two
domains requires an exchange of information
between the two sub-domains and more the number
of processors increases more this exchange is
important. Thus, we need an efficient communication
process in order to reduce the induced overhead.
Notably, to exchange information between subdomains, a first idea consists of looping on the
Send/Recv, what can be penalizing. Besides, a test
would be obligatory in the loop to determine the rank
of the destination processor. Therefore, the solution
that seems to be interesting was to divide the set of
processes (MPI_COMM_WORLD) into subgroups
on which we can do some collective communication
operations. Thus, each created subset will have its
own communication space. We divided the global
communicator into four subgroups via the command
MPI_Comm_split (A command that create a new
communicators based on colors and keys [21] )
Notice that in Uzawa and conjugated gradient
procedures, there are some global operations (such as
the scalar product and the sum of two vectors) that
cannot be done locally in every sub-domain. So, we
took account of this constraint by using global
reduction operations MPI_Allreduce of the MPI
library with an adequate distribution of data followed
by a general collection.

7. Experimental evaluations

7.1. Resolution without domain
decomposition
Execution time
From curves of figure 8 and figure 9 presented below,
we deduce that for the two versions, the execution
time increases when we raise the discretization
parameter N. we precise that for the non tensorized
sequential version, we cannot specify the execution
time for N beyond 21 because the machine IBM SP2
does not answer anymore. Therefore, the first
iterative version can be executed for N beyond 21
only on two, four and eight processors.
We mention also that, for N=9, the execution time on
eight processors (3,26 seconds) is superior to the one
on four processors (2,61 seconds). We explain this by
the fact that for this parameter, the number of
operations done by every processor is too small in
comparison with the communication time spent for
exchanging information between the eight processors.
Thus, it is necessary to raise the discretization
parameter when we increase the number of
processors so that the execution time dominates the
communication time. In fact, for N=17, the execution
time on four processors is 726,95 seconds whereas on
eight processors it is 448,71 seconds.
Concerning the second tensorized iterative version,
we did several tests for different values of the
discretization parameter and on a number of
processors that varies until four. The same
interpretations made for the first version remain valid
here, but we must specify the fact that this version is
more robust since it enables solving the problem for
N=21 (in the sequential resolution).

Figure 8. Curves of execution times of the non tensorized
version of the resolution without domain decomposition
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problem size, the speed-up improves whatever is the
number of processors, what entails an improvement
of the efficiency. But, when we fix the discretization
parameter (for example N=17) and continue
increasing the number of processors, the efficiency is
reduced. Indeed, if we increase the number of
processors, the communication cost rises. Therefore,
the speed-up and the efficiency decrease. Thus, the
increase of the number of processors requires an
increase of the problem size in order to guarantee the
efficiency of the parallelization; this is called
"scalability" [22].

Figure 9. Curves of execution times of the tensorized
version of the resolution without domain decomposition

Speed-up and efficiency
We succeeded to reach good speed-up. Indeed, we
show in figure 10 and figure 11 that the speed-up
rises with the increase of the discretization parameter
N. Particularly, for N=19, the speed-up (=1,98) nearly
reaches its optimal value on two processors (=2).
Concerning speed-up gotten with four processors, we
notice that for a small discretization parameter (N=9),
we cannot reach a good speed-up (=2,51 for the first
version and 1,31 for the second one). Indeed, the
calculation volume is less then the communication
volume between the four processors. Therefore, the
communication cost degrades the performances of the
parallel program. But, when we increase N until 21,
we can reach speed-up near to its optimal value on
four processors (3,87 for the first version and 3,62 for
the second one).

Figure 10. Curves of speed-up of the non tensorized
version of the resolution without domain decomposition

After the study done about the speed-up, we analyze
the efficiency of the parallelization of the nontensorized iterative version. The histograms of figure
12 and figure 13 show that when we fix the number
of processors and vary the discretization parameter
value, the efficiency rises. Indeed, when we raise the

Figure 11. Curves of speed-up of the tensorized version
of the resolution without domain decomposition

Figure 12. Histogram of efficiency of the non tensorized
version of the resolution without domain decomposition
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Figure 13. Histogram of efficiency of the tensorized
version of the resolution without domain decomposition

Comparison of two versions
In order to put in evidence the improvement brought
by the second iterative version, we present a
comparative study between this version and the first
one.
According to the curve of the figure 14, we can notice
the big difference between times of execution gotten
in the two versions for different values of
discretization parameter. Indeed, we can deduce a
constant result (≈3,7) while dividing times of
execution of the two versions for each value of the
parameter. Since the first version algorithm does not
respond for N=21 and the execution of the program
of the second tensorized version lasts 4385,55
seconds, we can deduce the execution time of the first
version using the extrapolation by multiplying
4385,55 by 3,7.
These measures permit to confirm improvements
brought by tensorized version concerning the gain of
calculation cost and memory.

Figure 14. Curves of comparison of the two versions of
the resolution without domain decomposition

7.2. Resolution on two domains with mortar
spectral element method
This section is dedicated to the study of different
results gotten while doing tests on the parallel
versions of the resolution on two sub-domains.
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Execution time
The curve of the figure 15 shows that the execution
time grows when we the discretization parameter
rises. Particularly, when N varies from 11 to 13, we
notice a big raise of execution time. Let’s note, that
the sequential program does not respond anymore
beyond N=13.
On the other hand, the improvement brought when
applying the tensorization technique on the first
version decreases the number of operations necessary
in the resolution. Therefore, the parallelization of this
version is efficient only for the resolution with a high
discretization parameter. Indeed, figure 16 shows that
the sequential execution, for N=5, gives an execution
time (0,19) lower then the one found for the parallel
execution on two (0,37) or on four processors (1,86).
But when the discretization parameter increases until
21, we clearly see the contribution of the
parallelization. In fact, the execution time decreases
from 2291,33 to 1163,77 on two processors and
652,37 on four processors.

Figure 15. Execution time of the non tensorized
version of the resolution on 2 domains

Figure 16. Execution time of the tensorized version
of the resolution on 2 domains

Speed-up
For the non-tensorized iterative version, measures
have gotten show that the speed-up for two
processors is very low when the discretization
parameter is small. On the other hand, we reach a
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very good speed-up (≈1,96), when the parameter
increases until 13 (see figure 17). On four processors,
we note that the speed-up is mediocre (=1,73) for a
small discretization parameter (=5).
Whereas, when this parameter increases until 13, we
reach a speed-up near to its optimal value (=3,81).
Therefore, we note that the speed-up improves when
the calculation cost dominates in the total execution
time.
For the second tensorized version, the results gotten
show that the contribution of the parallelization of
this version on two processors appears only when the
resolution is done for a discretization parameter
which is important enough.
Indeed, we note according to figure18 that the speedup for two processors is very low when N=5 or N=7.
That’s due to the fact that the volume of data
exchanged between the two processors generates a
communication cost which is higher then the
calculation one.
Therefore, the parallel execution time is dominated
by the communication cost which reduces the speedup. For four processors, the speed-up rises for
important values of discretization parameter. On the
other hand, the speed-up is low when this parameter
is small. For example, for N=5, the speed-up is equal
to 0,10. Thus, for small values of N, it is better to do
the resolution on only one processor.
The two figures show that, for two or four processors,
the speed-up is improved when the size of the
problem rises.

Figure 18. Speed-up of the tensorized version of the
resolution on two domains

Comparison of two versions
This section is dedicated to the study of the difference
between the two implementations of the two versions
conceived for the resolution on two sub-domains by
the mortar spectral element method. Indeed, we
notice according to the gotten measures that the nontensorized iterative version cannot solve the problem
for a discretization parameter superior then 13 (see
figure 19).
On the other hand, we could increase this parameter
until 21 for the second tensorized iterative version.
We notice a big difference between times of
execution given by the first version and those given
by the second one.
Thus, the speed-up (in sequential algorithm) gotten
by tensorized version is rising while increasing N and
varies from 3,74 (N=5) to 17,38 (N=13). Thus, we
have succeeded to prove the improvement brought by
the tensorization technique.

Figure 19. Comparison of the two versions of the
resolution on two domains

7.3. Synthesis
Figure 17. Speed-up of the non tensorized version of
the resolution on two domains

We noted that in term of execution time, the iterative
tensorized version is more interesting than the nontensorized one. The second performs much more
operations than the first and this is for the resolution
on only one domain as well as on two sub-domains.
Concerning the speed-up, we note that it improves
with the increase of the discretization parameter. This
improvement is clearer when the cost of
communication is small. Let's note that this factor
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depends on the parallel machine performance. Let's
note, besides, that we could reach a good speed-up on
two, four and eight processors.
Concerning the efficiency, we saw that, on one hand,
for a number of processors, it strongly depends on the
raise of the discretization parameter value. On the
other hand, for a value of this parameter, the increase
of the number of processors degrades the efficiency.
This confirms that the type of problem we landed is
gluttonous in time of calculation and requires more
processors when the problem size rises.
Let's note that for implementing the two versions of
the resolution on two domains, we modified the two
matrixes B1 and B2, what induced a reduction of the
precision gotten in comparison with the resolution
without domain decomposition.
Finally, we highlight the big interest of the
parallelization of resolution of problems of this type.
Indeed, on one hand, the adopted parallelization
approach enabled us to study the resolution for high
values of discretization parameter. On the other hand,
we considerably reduced the execution time for the
different landed resolutions.

applications not only lead to time reduction but
allowed solving large sized problems.
We mention some perspectives that seem to be
interesting:
Conception and implementation of such type of
approaches on grid computing. Thus, we will be able
to study more complex forms with a mixed mesh
which includes the decomposition by spectral
element and finite element.
Study and simulation of the non-stationary fluid flow.
This requires the resort to more numerically precise
diagrams since an important range of physical ladders
must be represented so that the calculation can be
meaningful on times which could be long.
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